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HIGH-PRECISION CHEBYSHEV SERIES APPROXIMATION 

I 

TO THE EXPONENTIAL INTEGRAL 

Kin L .  Lee 

Ames Research Center 

SUMMARY 

The exponent ia l  i n t e g r a l  Ei(x)  i s  evaluated v i a  Chebyshev series 
expansion of  i t s  a s s o c i a t e d  func t ions  t o  achieve high r e l a t i v e  accuracy 
throughout t h e  e n t i r e  real  l i n e .  The Chebyshev c o e f f i c i e n t s  f o r  t h e s e  func- 
t i o n s  are given t o  30 s i g n i f i c a n t  d i g i t s .  
f u r n i s h  an e f f i c i e n t  procedure f o r  t h e  accu ra t e  s o l u t i o n  of l i n e a r  systems 
having n e a r - t r i a n g u l a r  c o e f f i c i e n t  matr ices .  

Clenshaw's method i s  modified t o  

INTRODUCTION 

The eva lua t ion  of t h e  exponential  i n t e g r a l  

i s  usua l ly  based on t h e  value o f  i t s  a s soc ia t ed  func t ions ,  f o r  example, 
xe-XEi(x).  
series techniques a r e  given by Harris ( r e f .  1 )  and Miller and Hurst ( r e f .  2 ) .  
The evaluat ion of Ei(x) f o r  -4 5 x < - by means o f  Chebyshev s e r i e s  is  pro- 
vided by Clenshaw ( r e f .  3 )  t o  have t h e  abso lu te  accuracy of 20 decimal p l aces .  
The evaluat ion of t h e  same i n t e g r a l  (1) by r a t i o n a l  approximation of i t s  asso- 
c i a t e d  funct ions i s  furnished by Cody and Thacher ( r e f s .  4 and 5) f o r  
-m < x < -, and has t h e  r e l a t i v e  accuracy of 17 s i g n i f i c a n t  f i g u r e s .  

High acc::racy t a b u l a t i o n s  of  i n t e g r a l  (1) by means of Taylor 

The approximations o f  Cody and Thacher from t h e  p o i n t  of view of  e f f i c i e n t  
However, t h e  accuracy func t ion  eva lua t ion  are p r e f e r a b l e  t o  those o f  Clenshaw. 

of t h e  l a t t e r ' s  procedure,  u n l i k e  t h a t  of t h e  former, i s  not l imi t ed  by t h e  
accuracy o r  t h e  a v a i l a b i l i t y  of a master func t ion ,  which i s  a means of 
e x p l i c i t l y  eva lua t ing  t h e  funct ion i n  quest ion.  

In t h i s  paper Ei(x)  (or equ iva len t ly  - E l  (-x)) f o r  t h e  e n t i r e  rea l  l i n e  
i s  evaluated v i a  Chebyshev series expansion of i t s  as soc ia t ed  func t ions  t h a t  
are accura t e  t o  30 s i g n i f i c a n t  f i g u r e s  by a modif icat ion of Clenshaw's proce- 
dure.  To v e r i f y  t h e  accuracy of  t h e  s e v e r a l  Chebyshev series, va lues  of t h e  
a s soc ia t ed  func t ions  were checked a g a i n s t  those computed by Taylor series and 
those of  Murnaghan and Wrench ( r e f .  6 )  (see Remarks on Convergence and 
Accuracy). 

l l l l l l l l l  Ill I I I l l  I l l  



Although f o r  most purposes fewer than 30 f i g u r e s  of  accuracy are requi red ,  
In order  t o  f u r t h e r  such high accuracy i s  d e s i r a b l e  f o r  t h e  following reasons.  

reduce the  number of  a r i t hme t i ca l  opera t ions  i n  t h e  eva lua t ion  of a func t ion ,  
t h e  Chebyshev series i n  ques t ion  can e i t h e r  be  converted i n t o  a r a t i o n a l  func- 
t i o n  or rearranged i n t o  an ord inary  polynomial. Since seve ra l  f i g u r e s  may be 
l o s t  i n  e i t h e r  of  t hese  procedures,  it i s  necessary t o  provide t h e  Chebyshev 
series with a s u f f i c i e n t  number of f i g u r e s  t o  achieve t h e  des i r ed  accuracy. 
Furthermore, general  func t ion  approximation rou t ines ,  such as those used f o r  
minimax r a t i o n a l  func t ion  approximations, r equ i r e  t h e  e x p l i c i t  eva lua t ion  of 
t h e  func t ion  t o  be approximated. To take  account of t h e  e r r o r s  committed by 
these  rou t ines ,  t h e  func t ion  values  must have an accuracy h igher  than t h e  
approximation t o  be determined. 
f u l  as a master func t ion  f o r  f ind ing  approximations f o r  (or involving) Ei(x)  
(e.g. ,  refs .  4 o r  5) where prescr ibed  accuracy is  l e s s  than 30 figures. 

Consequently, h igh-prec is ion  r e s u l t s  are use- 

DISCUSSION 

I t  i s  proposed he re  t o  provide f o r  t h e  eva lua t ion  of Ei(x)  by obtaining 
Chebyshev c o e f f i c i e n t s  f o r  t h e  assoc ia ted  func t ions  given i n  t a b l e  1. 

TABLE 1.- ASSOCIATED FUNCTIONS OF Ei(x)  AND THEIR RANGES 

OF CHEBYSHEV SERIES EXPANSION 

Associated func t ion  
. - I 

a.  xe-XEi(x) 

b.  xe-XEi(x) 

C. 

d. xe-XEi(x) 

e. xe-XEi(x) 

f .  xe-XEi(x) 

Range o f  expansion 

-w < x 5 -10 
~. 

-4.1 x 5 4 

4 5 x 5 1 2  

1 2  5 x I 32 

3 2 < x < w  

(Y = 0.5772156649.. . i s  Eu le r ' s  cons tan t . )  

Note t h a t  t h e  func t ions  [Ei(x) - log 1x1 - y]/x and xe-XEi(x) have t h e  
l imi t ing  values  of u n i t y  a t  t h e  o r i g i n  and a t  i n f i n i t y ,  r e spec t ive ly ,  and t h a t  
t h e  range of t h e  assoc ia ted  func t ion  values  i s  c lose  t o  u n i t y  (see t a b l e  4 ) .  
This makes f o r  t h e  eva lua t ion  of t h e  assoc ia ted  func t ions  over t h e  ind ica ted  
ranges i n  t a b l e  1 (and thus Ei(x)  over t h e  e n t i r e  r e a l  l i n e )  with high r e l a -  
t i v e  accuracy by means of t h e  Chebyshev series.  
become apparent l a te r .  

The reason f o r  t h i s  w i l l  

2 



Some remarks about t h e  choice o f  t h e  i n t e r v a l s  of expansion f o r  t h e  
s e v e r a l  Chebyshev series are i n  o rde r  here .  The p a r t i t i o n  o f  t h e  r e a l  l i n e  
ind ica t ed  i n  t a b l e  1 i s  chosen t o  allow f o r  t h e  approximation o f  t h e  a s soc i -  
a t e d  funct ions with a maximum e r r o r  o f  0 . 5 ~ 1 0 - ~ ~  by polynomials of  degree < 50. 
The real  l i n e  has a l s o  been p a r t i t i o n e d  with t h e  o b j e c t i v e  of providing t h e  
i n t e r v a l  about zero with t h e  lowest degree of  polynomial approximation of  t h e  
s i x  i n t e r v a l s .  
required i n  t h e  eva lua t ion  of  Ei(x) over t h a t  i n t e r v a l .  The ranges 
-a < x 5 -4 and 4 I: x < m 
t i v e l y ,  t o  provide approximations t o  xe-XEi(x) by polynomials of  about t h e  
same degree. 

This should compensate f o r  t h e  computation of log 1x1 

are p a r t i t i o n e d  i n t o  2 and 3 i n t e r v a l s ,  respec- 

Expansions i n  Chebyshev S e r i e s  

Let @ ( t )  be  a d i f f e r e n t i a b l e  func t ion  defined on [-1, 13. To f a c i l i t a t e  
d i scuss ion ,  denote i t s  Chebyshev s e r i e s  and t h a t  of i t s  d e r i v a t i v e  by 

where Tk ( t )  a r e  Chebyshev polynomials def ined by 

Tk(t)  = cos(k arccos t )  , - l < - t < l  (3) 

(A prime over a summation s i g n  i n d i c a t e s  t h a t  t h e  f irst  t e r m  i s  t o  be halved.)  

If @ ( t )  and 4 '  ( t )  a r e  continuous,  t h e  Chebyshev c o e f f i c i e n t s  A i o )  and Ak (1 1 
can be obtained a n a l y t i c a l l y  ( i f  poss ib l e )  o r  by numerical quadrature.  How- 
ever ,  s ince  each func t ion  i n  t a b l e  l s a t i s f i e s  a l i n e a r  d i f f e r e n t i a l  equation 
with polynomial c o e f f i c i e n t s ,  t h e  Chebyshev c o e f f i c i e n t s  can be more r e a d i l y  
evaluated by t h e  method of Clenshaw ( r e f .  7 ) .  

There are s e v e r a l  v a r i a t i o n s  of Clenshaw's procedure (see,  e .g . ,  r e f .  8), 
but  f o r  high-precis ion computation, where mul t ip l e  p r e c i s i o n  a r i t h m e t i c  i s  
employed, w e  f i n d  h i s  o r i g i n a l  procedure e a s i e s t  t o  implement. However, 
s t ra ightforward a p p l i c a t i o n  o f  i t  may r e s u l t  i n  a l o s s  of  accuracy i f  t h e  t r i a l  
s o l u t i o n s  s e l e c t e d  are no t  s u f f i c i e n t l y  independent. 
overcome w i l l  be pointed ou t  subsequently.  

How t h e  d i f f i c u l t y  is  

The Function xeeXEi(x) on t h e  F i n i t e  I n t e r v a l  

We consider first t h e  Chebyshev series expansion of  

f ( x )  = xe-XEi(x) , (a  5 x I: b)  (4) 

3 
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with x # 0. One can e a s i l y  v e r i f y  t h a t  af ter  t h e  change of va r i ab le s  

x = [ (b  - a ) t  + a + b]/2 , - 1 < - t < l  (5 1 

t h e  funct ion 

satisfies t h e  d i f f e r e n t i a l  equation 

with1 

+(-1) = ae-aEi(a) 

where p = b - a and q = b + a. Replacing + ( t )  and + ' ( t )  i n  equations (7) 
by t h e i r  Chebyshev series, w e  ob ta in  

m c' (-l)kALO) = +(-1)  

I t  can be demonstrated t h a t  i f  Bk 
funct ion $ ( t ) ,  then Ck, t he  Chebyshev c o e f f i c i e n t s  of t r $ ( t )  f o r  p o s i t i v e  
in t ege r s  r ,  are given by ( r e f .  7) 

are t h e  Chebyshev c o e f f i c i e n t s  of  a 

Consequently, t h e  l e f t  member of  equation (sa)  can be rearranged i n t o  a 
s i n g l e  series involving Tk( t ) .  The comparison of  t h e  c o e f f i c i e n t s  of Tk( t )  

IThe value Ei (a )  may be evaluated by means of  t h e  Taylor series. In  
t h i s  r e p o r t  E i (a )  
mation t o  [Ei(x) - log 1x1 - y]/x t o  g e t  E i  (a) .  The q u a n t i t i e s  ea and 
log ] a ]  f o r  i n t e g r a l  va lues  of a may be found i n  e x i s t i n g  t a b l e s .  

i s  computed by first f ind ing  t h e  Chebyshev s e r i e s  approxi- 

4 
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then yields the infinite system of equations 

m 

The relation (ref. 7)  

k = O  

= {4p1: 2p2 , k = l  

k = 2 , 3 , .  . . 

can be used to reduce equations (10) to a system of equations involving only 
A i o ) .  Thus, replacing k of equations (10) by k+2 and subtracting the 
resulting equation from equations (lo), we have, by means of equation (ll), 
the system o f  equations 

0 3 1  

k >: (-1) Ak = $(-I) 
k= O 

0 ,  k = 2 , 3 ,  . . .  J 2p2 , k = 1 

The superscript of A i o )  is dropped f o r  simplicity. In order to solve the 
infinite system (12), Clenshaw (ref. 4) essentially considered the required 
solution as the limiting solution of the sequence of truncated systems consist- 
ing of  the first M + 1 equations of the same system, that is, the solution 
of the system 



where Ak i s  assumed t o  vanish f o r  K 1 M + 1. To so lve  system (13), con- 
s i d e r  first t h e  subsystem (13c) c o n s i s t i n g  o f  M - 2  equat ions i n  M unknowns. 
Here use i s  made o f  t h e  fact  t h a t  t h e  subsystem (13c) i s  s a t i s f i e d  by 

for a r b i t r a r y  cons t an t s  c1 and c2,  where Yk i s  a p a r t i c u l a r  s o l u t i o n  of 
(13c) and where 
equations ((13c) with 2p2 de le t ed )  of t h e  same subsystem. Hence, i f  ak,  @k,  
and Yk are a v a i l a b l e ,  t h e  s o l u t i o n  of  system (13) reduces t o  t h e  
determination of  c1 and c2 from equations (13a) and (13b). 

Cik and Bk are two independent s o l u t i o n s  of  t h e  homogeneous 

To so lve  equat ions (13), w e  no te  t h a t  

is  obviously a p a r t i c u l a r  s o l u t i o n  o f  equation (13c). 
s o l u t i o n s  
be generated i n  t u r n  by backward recurrence i f  we se t  

The two independent 
a k  and Bk of  t h e  homogeneous equations o f  t h e  same subsystem can 

and 

6 



o r  choose any " ~ - 1 ,  a ~ ,  and B M - ~ ,  BM f o r  which ~ M - ~ B M  - c ~ $ E / I - ~  # 0. The 
a r b i t r a r y  constants  c1 and c2 are determined, and consequently t h e  so lu t ion  
of  equations (13) i f  equation (14) i s  s u b s t i t u t e d  i n t o  equations (13a) and 
(13b) and t h e  r e s u l t i n g  equations 

a r e  solved as two equations i n  two unknowns. The terms R(a) and S ( a )  a r e  
equal ,  r e spec t ive ly ,  t o  t h e  l e f t  members of equat ions (13a) and (13b) cor re-  
sponding t o  so lu t ion  Clk. (The i d e n t i c a l  des igna t ion  holds  f o r  R(B) and 
S(B1 . I  

The q u a n t i t i e s  ax and Bk are known as t r i a l  so lu t ions  i n  re ference  4. 
Clenshaw has  pointed out  t h a t  if are not  s u f f i c i e n t l y  independent, 
l o s s  of  s ign i f i cance  w i l l  occur i n  t h e  formation of t h e  l i n e a r  combination 
(14),  with a consequent l o s s  of accuracy. Clenshaw suggested t h e  Gauss-Seidel 
i t e r a t i o n  procedure t o  improve t h e  accuracy of t h e  so lu t ion .  
r equ i r e s  t h e  app l i ca t ion  of an add i t iona l  computing procedure and may prove t o  
be extremely slow. A s impler  procedure which does not  a l t e r  t h e  b a s i c  comput- 
ing scheme given above is  proposed here .  The l o s s  of accuracy can e f f e c t i v e l y  
be regained i f  w e  first generate  a t h i r d  t r i a l  s o l u t i o n  6k ( k =  0 , 1 ,  . . . , M ) ,  
where 6 ~ - 1  and 6~ are equal t o  claM-1 + c2Bp4-1 and C l a M  + c ~ B M ,  respec-  
t i v e l y ,  and where % (k = M - 2 ,  M - 3, . . . , O )  i s  determined using backward 
recurrence a s  before  by means of equations (13c). Then e i t h e r  ak o r  Bk i s  
replaced by 6k and a new se t  of c1 and c2 i s  determined by equat ions (17a) 
and (17b). 
reached. However, only one app l i ca t ion  of it w a s  necessary i n  t h e  computation 
of t h e  c o e f f i c i e n t s  of t h i s  r epor t .  

Olk and Bk 

However, t h i s  

Such a procedure can be repeated u n t i l  t h e  requi red  accuracy is 

A s  an example, cons ider  t h e  case f o r  4 5 x 5 1 2  with M = 15. The 
r i g h t  member of equation (17a) and of equation (17b) assume, r e spec t ive ly ,  t h e  
values  0.43820800 and 64. The t r i a l  so lu t ions  ak and Bk generated with 
a14 = 8, a15 = 9 ,  and 614  = 7,  B 1 5  = 8 a r e  c e r t a i n l y  independent, s ince  
c i 1 4 B 1 5  - a15B14 = 1 # 0 .  A check of t a b l e  2 shows t h a t  equations (17a) and 
(17b) have, r e spec t ive ly ,  t h e  r e s idua l s  - 0 . 1 3 7 ~ 1 0 - ~  and - 0 . 9 7 6 ~ 1 0 - ~ .  
t a b l e  a l s o  shows t h a t  
t o  c2Bk. Cancel la t ions i n  t h e  formation of t h e  l i n e a r  combination (14) 
caused a l o s s  of s ign i f i cance  of 2 t o  6 f i g u r e s  i n  t h e  computed In the  
second i t e r a t i o n ,  where a new se t  of Bk i s  generated by rep lac ing  B14 and 
615, r e spec t ive ly ,  by cial4 + c2B14 and ~ 1 ~ 1 1 5  + ~ 2 6 1 5  of t h e  f irst  i t e r a t i o n ,  
t h e  new C l q  and c2Pk d i f f e red  from 2 t o  5 orders  o f  magnitude. Conse- 
quent ly ,  no cance l l a t ion  of  s i g n i f i c a n t  f i g u r e s  i n  t h e  computation of Ak 
occurred. Notice t h a t  equations (17)are  now s a t i s f i e d  exac t ly .  Further  no te  
t h a t  t h e  new c1 and c2 are near  zero and un i ty ,  r e spec t ive ly ,  f o r  t h e  reason 
t h a t  i f  equat ions (13) are s a t i s f i e d  by equation (14) exac t ly  i n  t h e  first 
i t e r a t i o n ,  t h e  new c1 and c2 should have t h e  p r e c i s e  values  zero and 1, 
respec t ive ly .  The r e s u l t s  of t h e  t h i r d  i t e r a t i o n  show t h a t  t h e  Ak of t h e  
second i t e r a t i o n  are a l ready  accura te  t o  e igh t  decimal p l aces ,  s ince  t h e  
i n  t h e  two i t e r a t i o n s  d i f f e r  by l e s s  than 0 . 5 ~ 1 0 - ~ .  
i t e r a t i o n ,  equations (17) a r e  a l s o  s a t i s f i e d  exac t ly  and t h a t  c1 = 1 and 
c2 = 0 ( r e l a t i v e  t o  8 p l ace  accuracy).  

The same 
i s  opposi te  i n  s i g n  but  nea r ly  equal i n  magnitude Clak 

Ak. 

Ak 
Notice t h a t  f o r  t h e  t h i r d  

7 
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TABLE 2.-  CQMPUTATION OF CHEBYSHEV COEFFICIENTS FOR xe-XEi(x) 
[4 2 x 2 1 2  wi th  M = 15; YO = 2,  Yk = 0 for k = 1(1)15] 

k 
0 
1 
2 
3 
4 
5 
6 
7 
8 
9 

10  
11 
1 2  
13 
14 
15 

F i r s t  i t e r a t i o n :  a14 = 8, a 1 5  = 9; 614 = 7, 6 1 5  = 8 

0.71690285E 03 

0.13469341E 03 

0.99929173E 01 

-0.33302683E 03 

-0.43211869E 02 

-0.11670764E 01 
-0.25552137E 00 
0.20617247E 00 

-0.75797238E-01 
0.20550680E-01 

-0.45192333E-02 
0.82656562E-03 

-0.12333571E-03 
0.13300910E-04 

-0.29699001E-06 
-0.33941716E-06 

C 2  Bk 

0.33286440E 03 

0.43205127E 02 

0.11684574E 01 
0.25493635E 00 

~ 

-0.71644773E 03 

-0.13464845E 03 

-0,99942238E 01 

-0.20599754E 00 
0.75756767E-01 

-0.20543463E-01 
0.45183721E-02 

-0.82656589E-03 
0.12337366E-03 

-0.13315328E-04 
0.30091136E-06 
0.33852528E-06 

~~~ 

Ak 
- 

0.24551200E 01 
-0.16243000E 00 
0.44960000E-01 

-0.67420000E-02 
-0.13065000E-02 
0.13810000E-02 

-0.58502000E-02 
0.17493000E-03 

-0.40471000E-04 
0.72170000E-05 

-0.86120000E-06 
-0.27000000E-09 
0.37950000E-07 

-0.14418000E-07 
0.39213500E-08 

-0.89188000E-09 

C 1  = 0.37613920E-07 

c z  = -0.42427144E-07 

clR(a)  + c ~ R ( @ )  - 0.43820800E 00 = -0.13700000E-04 

ClS(a) + c ~ S ( B )  - 0.64000000E 02 = -0.97600000E-03 

Second i t e r a t i o n :  a l q = 8 ,  a 1 5 = 9 ;  B1,+=0.39213500B-08, B l 5 =  -0.89188000E-09 

k 
0 
1 
2 
3 
4 
5 
6 
7 
8 
9 

10 
11 
1 2  
13 
14 
15 

0.36701576E-05 
-0.17051695E-05 
0.68976566E-06 

-0.22132756E-06 
0.51197561E-07 

-0.59856744E-08 
-0.13059663E-08 
0.10552667E-08 

-0.38808033E-09 
0.10523831E-09 

-0.23146333E-10 
0.42342615E-11 

-0.63200810E-12 
0.68210630E-13 

-0.15414832E-14 
-0.17341686E-14 

C 2  @k 
0.45512986E 00 

-0.16243666E 00 
0.44956834E-01 

-0.67413538E-02 
-0.13067496E-02 
0.13810895E-02 

-0.58502164E-03 
0.17492889E-03 

-0.40472426E-04 
0.72169965E-05 

-0.86125438E-06 
-0.25542252E-09 
0.37946968E-07 

-0.14417584E-07 
0.39212981E-08 

-0.89186818E-09 

~1 = -0.19268540E-15 

~2 = 0.99998675E 00 

ClR(a) + c ~ R ( @ )  - 0.43820800E 00 = 0.0 

c lS (a )  + c ~ S ( @ )  - 0.64000000E ~- 02 = O - O  

Ak 
- 0.24551335E 01 

-0.16243837E 00 
0.44957523E-01 

-0.67415751E-02 
-0.13066984E-02 
0.13810835E-02 

-0.58502294E-03 
0.17492994E-03 

-0.40472814E-04 
0.72171017E-05 

-0.86127752E-06 
-0.25118825E-09 
0.37946336E-07 

-0.14417516E-07 
0.39212965E-08 

-0.89186991E-09 
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TABLE 2.-  COMPUTATION OF CHEBYSHEV COEFFICIENTS FOR xe-XEi(x) - Concluded 
M = 15; yo = 2, yk = 0 [4 I x 5 1 2  with f o r  k = 1(1)15] 

rh i rd  i t e r a t i o n :  a14 = 8, a15 = 9; @I,.+ = 0.39212965E-08, 615 = -0.89186991E-05 

k 

0 
1 
2 
3 
4 
5 
6 
7 
8 
9 

10 
11 
1 2  
13 
14 
15 

c l ak  
-0.23083059E-07 

0.10724479E-07 
-0.43382065E-08 
0.13920157E-08 

-0.32200152E-09 
0.3 764625 1 E -  10 
0.82137336E-11 

-0.66369857E-11 
0.24407892E-11 

-0.66188494E-12 
0.14557636E-12 

-0.26630930E-13 
0.39749465E-14 

-0.42900337E-15 
0.96949915E-17 
0.10906865E-16 

c2 @k 
0.45513355E 00 

-0.16243838E 00 
0.44957526E-01 

-0.67415759E-02 
-0.13066983E-02 
0.13810835E-02 

-0.58502297E-03 
0.17492995E-03 

-0.40472817E-04 
0.72171023E-05 

-0.86127766E-06 
-0.25116620E-09 
0.37946334E-07 

-0.14417516E-07 
0.39212966E-08 

-0.89186992E-09 

~1 = 0.12118739E-17 

~2 = 0.10000000E 01 

ClR(a) + c ~ R ( @ )  - 0.43820800E 00 0.0 

c lS (a )  + c ~ S ( @ )  - 0.64000000E 02 = 0.0 

Ak 
0.24551335E 01 

-0.16243837E 00 
0.44957522E-01 

-0.67415745E-02 
-0.13066986E-02 
0.13810836E-02 

-0.58502296E-03 
0.17492994E-03 

-0.40472814E-04 
0.72171017E-05 

-0.86127751E-06 
-0.25119283E-09 
0.37946337E-07 

-0.14417516E-07 
0.39212966E-08 

-0.89186990E-09 

I t  i s  worth not ing  t h a t  t h e  c o e f f i c i e n t  matr ix  of  system (13) y i e l d s  an 
upper t r i a n g u l a r  matr ix  of  order  M - 1 a f t e r  t h e  d e l e t i o n  of t h e  first two 
rows and t h e  l a s t  two columns. 
i s  appl icable  t o  any l i n e a r  system having t h i s  property.  A s  a mat te r  of fac t ,  
t h e  same procedure can be genera l ized  t o  so lve  l i n e a r  systems having c o e f f i c i -  
en t  matr ices  of o rde r  N ,  t h e  d e l e t i o n  o f  whose f irst  r (r < N )  rows and l a s t  
r columns y i e l d s  upper t r i a n g u l a r  matrices o f  o rde r  N - r. 

Consequently, t h e  procedure of  t h i s  s e c t i o n  

The Function ( l / x )  [ E i  (x) - log  1x1 - y] 

Let 

f ( x )  = ( l /x ) [Ei (x)  - log 1x1 - y] , g(x) = ex , 1x1 5 b (18) 

These funct ions,  with t h e  change of v a r i a b l e  
t h e  d i f f e r e n t i a l  equat ions 

x = b t ,  simultaneously s a t i s f y  

b t 2 $ ' ( t )  + b t $ ( t )  - $ ( t )  = -1 (19a) 
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Conversely,2 any so lu t ion  of equations (19) i s  equal t o  t h e  func t ions  given 
by equations (18) f o r  t h e  change o f  va r i ab le  x = b t .  Therefore,  boundary 
condi t ions need not  be imposed f o r  t h e  so lu t ion  of t h e  d i f f e r e n t i a l  equat ions.  

A procedure similar t o  t h a t  of  t h e  previous s e c t i o n  gives  t h e  coupled 
i n f i n i t e  recur rence  r e l a t i o n s  

where Ak and Bk are t h e  Chebyshev c o e f f i c i e n t s  of 0 ( t )  and $ ( t )  , 
respec t ive ly .  

Consider f irst  t h e  subsystem (20b). I f  Ak = "k and Bk = Bk a r e  a 
simultaneous s o l u t i o n  of t h e  subsystem, which i s  homogeneous, then 

are a l s o  a so lu t ion  f o r  an a r b i t r a r y  constant  c. Thus based on considera- 
t i o n s  analogous t o  t h e  s o l u t i o n  of  equations (13),  one can i n i t i a t e  an approx- 
imate s o l u t i o n  of equat ions (20) by s e t t i n g  

and then determining ak and Bk (k = M - 1, M - 2 ,  . . ., 0) by backward 
recurrence by means of  equation (20b). The a r b i t r a r y  constant  c is de te r -  
mined by s u b s t i t u t i n g  equat ions (21) i n  equat ion (20a). 

- - -~ - .  

2The general  s o l u t i o n  of t h e  d i f f e r e n t i a l  equat ions has  t h e  form 

$ ( t )  = ( c l / t )  + [Ei (b t )  - log  lb t l  - Y]/bt 

where t h e  first and second terms of  $ ( t )  a r e ,  r e spec t ive ly ,  t he  complementary 
so lu t ion  and a p a r t i c u l a r  i n t e g r a l  of equation (19a). 
$ ( t )  is bounded makes t h e  constant  cl = 0. The fact t h a t  $(O) = 1 is  
i m p l i c i t  i n  equat ion (19a). 

The requirement t h a t  

10 



The Function xe-xEi(x) on t h e  I n f i n i t e  I n t e r v a l  

Let 

By making t h e  change o f  v a r i a b l e s ,  

x = 2b/ ( t  + 1) (24) 

w e  can e a s i l y  demonstrate t h a t  

satisfies t h e  d i f f e r e n t i a l  equation 

(f + 1 ) 2 + '  ( t )  + ( t  + 1 - 2b)+ ( t )  = -2b (26a) 

with 

An i n f i n i t e  system of  equations involving t h e  Chebyshev c o e f f i c i e n t s  
+ ( t )  
equations (7) t o  ob ta in  t h e  i n f i n i t e  system (12); i t  is  given as fol lows.  

Ak of 
i s  deducible from equat ions (26) by t h e  same procedure as appl ied  t o  

Ak = +(1)  = be- b Ei(b)  

k= 0 

kAk-1 + 2[(2k + 1)  - 2b]Ak + 6(k + 1)Ak+l + 2(2k + 3 + 2b)Ak+2 

A s  i n  t h e  case of  equat ions (13),  t h e  so lu t ion  of equat ions (27) can be 
assumed t o  be 
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and determine the trial solutions ak and Bk (k = M - 1, M - 2, . . ., 0) by 
means of equation (27c) by backward recurrence. 
equations (27) is then determined by substituting equation (28) in equations 
(27a) and (27b) and solving the resulting equations for cl and c2. 

The required solution of 

Loss of accuracy in the computation of Ak can also OCCUF here, as in 
the solution of the system (13), if the trial solutions are not sufficiently 
independent. The process used to improve the accuracy of Ak of the system 
(13) can also be applied here. 

For efficiency in computation, it is worth noting that for 
(-m < x 5 b < 0) the boundary condition (26b) is not required for the solution 
of equations (26). . This follows from the fact that any solution3 of the dif- 
ferential equation (26a) is equal to xe-xEi(x) (x = 2b/(t + 1)). Hence the 
Ak of xe-XEi(x) for -a < x 5 b < 0 can be obtained without the use of 
equation (27a) and can be assumed to have the form 

b < 0 

Ak = cak , (k = 0, 1, . . ., 14) (30) 

The M + 1 values of ak can be generated by setting “M = 1 and computing 
ak (k = 0, 1, . . ., M-1) by means of equation (27c) by backward recurrence. 
The substitution of equation (30) in equation (27b) then enables one to 
determine c from the resulting equation. 

REMARKS ON CONVERGENCE AND ACCURACY 

The Chebyshev coefficients of table 3 were computed on the IBM 7094 with 
SO-digit normalized floating-point arithmetic. 
sequence of approximate solutions (see Discussion) converged to the limiting 
solution of the differential equation in question, a trial M was incremented 
by 4 until the approximate Chebyshev coefficients showed no change greater 
than o r  equal to 0.5~10‘~~. 

In order to assure that the 

Hence the maximum error is bounded by 

0.5(M + 1) x +E IAkl 

3The general solution of the differential equation (26a) is of the form 

$(t) = cxe’X + xe-XEi(x) , x = 2b/(t + 1) 

where the first and second terms are equal, respectively, to the complementary 
solution and a particular integral of equation (26a). Since equation (26a) 
has no bounded complementary solution for -m x I b < 0, every solution of 
it is equal to the particular integral xe-xEi(x). On the other hand, a solu- 
tion of equation (26a) fo r  0 < x 5 b < m would, in general, involve the 
complementary function. Hence, boundary condition (26b) is required to 
guarantee that the solution of equation (26a) is equal to xe-xEi(x). 
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where t h e  first term i s  t h e  m a x i m u m  e r r o r  of t h e  M + 1 approximate Chebyshev 
c o e f f i c i e n t s ,  and t h e  sum is  t h e  maximum e r r o r  of  t h e  t runca ted  Chebyshev 
s e r i e s  of  M + 1 terms. If t h e  Chebyshev s e r i e s  i s  r a p i d l y  convergent,  t h e  
maximum e r r o r  of t h e  approximate Chebyshev s e r i e s  should be o f  t h e  order  of 

terms f o r  k > N g iv ing  t h e  maximum r e s i d u a l  
The c o e f f i c i e n t s  of t a b l e  3 have been rounded t o  30 d i g i t s ,  and h igher  

have been dropped. 
t h a t  i s  accura te  t o  30 decimal p l aces .  
func t ion  i s  bounded between 2/5 and 5,  t h e  evaluated func t ion  should be good 
t o  30 s i g n i f i c a n t  d i g i t s .  Taylor  s e r i e s  eva lua t ion  a l s o  checks with t h a t  of 
t h e  func t ion  va lues  of  t a b l e  4 (computed with 30-d ig i t  f l oa t ing -po in t  ari thme- 
t i c  using t h e  c o e f f i c i e n t s  o f  t a b l e  39 f o r  a t  l e a s t  28-1/2 s i g n i f i c a n t  d i g i t s .  
Evaluat ion of  Ei(x)  us ing  t h e  c o e f f i c i e n t s  of t a b l e  3 a l s o  checked with 
Murnaghan and Wrench ( r e f .  6 )  f o r  28-1/2 s i g n i f i c a n t  f i g u r e s .  

This  should allow f o r  eva lua t ion  o f  t h e  r e l evan t  func t ion  
Since t h e  range of  va lues  of each 

Ames Research Center 
National Aeronautics and Space Adminis t ra t ion 

Moffet t  F i e l d ,  Cal i f . ,  94035, Apr i l  6 ,  1970 
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TABLE 3 . -  CHEBYSHEV COEFFICIENTS 

40 
(a) x e - x E i ( x )  = E' A k T k ( t ) ,  t = (-2o/x) - 1, (-m < x 5 -10) 

k= 0 

k 
0 
1 
2 
3 
4 
5 
6 
7 
8 
9 

10  
11 
1 2  
1 3  
14  
1 5  
1 6  
1 7  
1 8  
1 9  
20 
2 1  
2 2  
2 3  
2 4  
25 
2 6  
2 7  
28 
2 9  
30 
3 1  
32 
3 3  
3 4  
35 
36 
37 
38 
39  
40 

*k 
0 . 1 9 1 2 1 7 3 2 2 5  8 6 0 5 5 3 4 5 3 9  1 5 1 9 3 2 6 5 1 0  E Oy 

- 0 . 4 2 0 8 3 5 5 0 5 2  8 6 8 4 8 4 3 7 5 5  0 9 7 4 9 8 6 6 8 0  E-01 
0 . 1 7 2 2 8 1 9 6 2 7  2 8 4 3 2 6 7 8 3 3  7 1 1 8 1 5 7 8 3 5  E-02 

1 - 0 . 9 9 1 5 7 8 2 1 7 3  4 4 4 5 6 3 6 4 5 5  9 8 4 2 3 2 2 9 7 3  E-04 
0 . 7 1 7 6 0 9 3 1 6 8  0 2 2 7 7 5 0 5 2 6  5 5 9 0 6 6 5 5 9 2  E-05 

- 0 . 6 1 5 2 7 3 3 1 4 5  0 9 5 1 2 6 9 6 8 2  7 9 5 6 7 9 1 3 3 1  E-06 
0 6 0  2 4 8  57 10 6 3 9 9 9  7 0  1 6 1 0  E-07 

- 0 . 6 5 7 3 8 4 8 8 4 5  2 8 8 3 0 4 8 2 2 9  5 8 9 4 1 8 9 6 3 7  E-08 
0 . 7 8 5 3 1 6 7 5 4 1  8 3 2 3 9 9 8 1 9 9  4 8 1 0 0 7 9 8 7 1  E-09 

- 0 . 1 0 1 3 7 3 0 2 8 8  0 0 3 8 7 8 9 8 5 5  4 2 0 2 7 7 4 2 5 7  E-09 
0 . 1 3 9 9 7 7 0 4 1 3  2 2 6 7 6 8 6 0 2 7  7 8 2 3 4 8 8 6 2 3  E-10 

- 0 . 2 0 5 1 0 0 8 3 7 6  7 8 3 8 1 8 9 9 6 1  8 9 6 2 3 1 8 7 1 1  E - 1 1  
0 . 3 1 6 8 3 8 8 7 2 6  0 0 2 4 7 7 8 1 6 1  4 9 0 7 9 8 5 8 1 8  E-12 

- 0 . 5 1 3 2 7 6 0 0 8 2  8 3 9 1 8 0 6 5 4 1  5 9 8 4 7 5 1 8 9 9  E-13 
0 . 8 6 8 0 9 3 3 0 4 0  7 6 6 5 4 9 3 4 1 8  7 4 3 3 6 8 7 3 8 3  E-14 

- 0 . 1 5 2 7 0 1 5 0 4 0  9 0 3 0 8 4 9 7 1 9  8 5 7 2 3 5 5 3 5 1  E-14 
0 . 2 7 8 4 6 8 6 2 5 1  6 4 9 3 5 7 3 9 6 5  0 1 0 5 2 5 1 4 5 3  E-15 

- 0 . 5 2 4 9 8 9 0 4 3 7  4 2 1 7 6 6 9 6 8 0  8 4 7 2 9 3 3 6 9 6  E-16 
0 . 1 0 2 0 7 1 7 9 9 1  2 4 8 5 6 1 2 9 2 4  7 4 5 5 7 8 7 2 2 6  E-16 

- 0 . 2 0 4 2 2 6 4 6 7 9  8 9 9 7 1 8 4 1 3 0  8 4 6 2 4 2 1 8 7 6  E-17 
0 . 4 1 9 7 0 6 4 1 7 2  7 2 6 4 8 4 7 4 4 0  8 8 2 7 2 2 8 5 6 2  E-18 

- 0 . 8 8 4 4 5 0 8 1 7 6  1 7 2 8 1 0 5 0 8 1  6 4 8 3 7 3 7 5 3 6  E-19 
0 . 1 9 0 8 2 7 2 6 2 9  5 9 4 7 1 7 4 1 9 9  5 0 6 0 1 6 8 2 6 2  E-19 

- 0 . 4 2 0 9 7 4 6 2 2 2  9 3 5 1 9 9 5 0 3 3  6 4 5 0 8 6 5 6 7 6  E-20 
0 . 9 4 8 3 9 0 4 0 5 8  1 9 8 3 7 3 2 7 6 4  1 5 0 0 2 1 4 5 1 2  E-21 

- 0 . 2 1 7 9 4 6 7 8 6 0  1 3 6 6 7 4 3 1 9 9  4 0 3 2 5 7 4 0 1 4  E-21 
0 . 5 1 0 3 9 3 6 8 6 9  0 7 1 4 5 0 9 4 9 9  3 4 5 2 5 6 2 7 4 1  E-22 

- 0 . 1 2 1 6 8 8 3 1 1 3  3 3 4 4 1 5 0 9 0 8  9 7 4 6 7 7 9 6 9 3  E-22 
0 . 2 9 5 1 2 8 9 1 6 6  4 4 7 8 7 5 1 9 2 9  4 7 7 3 7 5 7 1 4 4  E-23 

5 6 2  7 5 8 3  1 2 9  

- 0 . 7 2 7 5 3 5 3 7 6 3  7 7 2 8 4 6 8 9 7 1  4 4 3 8 9 5 0 9 2 0  E 4 2 4  
0 . 1 8 2 1 6 3 9 0 4 8  6 2 3 0 7 3 9 6 1 2  1 6 6 7 1 1 5 9 7 6  E-24 

- 0 . 4 6 2 9 6 2 9 9 6 3  1 6 3 3 1 7 1 6 6 1  2 7 5 3 4 8 2 0 6 4  E-25 
0 . 1 1 9 3 5 3 9 7 9 0  9 7 1 5 7 7 9 1 5 2  3 0 5 2 3 7 1 2 9 2  E-25 

- 0 . 3 1 1 9 4 9 3 2 8 5  2 2 0 1 4 2 4 4 9 3  1 0 6 2 1 4 7 4 7 3  E-26 
0 . 8 2 6 1 4 1 9 7 3 4  5 3 3 4 6 6 4 2 2 8  4 1 7 0 0 2 8 5 1 8  E-27 

- 0 . 2 2 1 5 8 0 3 3 7 3  6 6 0 9 8 2 9 8 3 0  2 5 9 1 1 7 7 6 9 7  E-27 
0 . 6 0 1 6 0 3 1 6 7 1  6 5 4 2 6 3 6 9 0 4  5 3 0 3 1 2 4 4 2 9  E-28 

- 0 . 1 6 5 2 7 2 5 0 9 8  3 8 2 1 2 6 5 9 6 4  9 7 4 4 3 0 2 3 1 4  E-28 
0 . 4 5 9 2 2 3 0 3 5 8  7 7 3 0 2 7 0 2 7 9  5 6 3 6 3 7 7 1 6 6  E-29 

- 0 . 1 2 9 0 0 6 2 7 6 7  2 1 3 2 6 3 8 4 7 3  7 4 5 3 2 1 2 6 7 0  E-29 
0 . 3 6 6 2 7 1 8 4 8 1  0 3 2 0 0 2 5 9 0 8  1 1 7 7 0 7 6 9 2 2  E-30 
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TABLE 3 . -  CHEBYSHEV COEFFICIENTS - C o n t i n u e d  

4 3  

k 
0 
1 
2 
3 
4 
5 
6 
7 
8 
9 

1 0  
11 
1 2  
1 3  
1 4  
1 5  
1 6  
1 7  
1 8  
1 9  
20 
2 1  
2 2  
23  
2 4  
25 
2 6  
27 
28 
29  
30 
3 1  
32 
33  
3 4  
35 
36 
37 
38 
3 9  
40  
4 1  
42  
4 3  

*k 
0 . 1 7 5 7 5 5 6 4 9 6  0 6 1 2 9 3 7 3 6 4  8 7 6 2 8 3 4 6 9 1  

- 0 . 4 3 5 8 5 4 1 5 1 7  7 3 6 1 6 6 1 1 7 0  5 0 0 1 8 6 7 9 6 4  
- 0 . 7 9 7 9 5 0 7 1 3 9  5 5 8 4 2 5 4 0 1 3  3 2 1 7 0 2 7 4 9 2  
- 0 . 1 4 8 4 3 7 2 3 2 7  3 0 3 7 1 2 1 3 8 5  0 9 7 0 2 1 0 0 0 1  
- 0 . 2 8 0 0 3 0 1 9 8 4  3 7 7 5 1 4 5 7 4 8  6 2 0 3 9 5 4 9 4 8  
- 0 0 5 3 4 8 6 4 8 5 1 2  8 6 5 7 9 3 2 3 0 3  9 1 7 7 3 6 1 5 5 3  
- 0 0 1 0 3 2 8 6 7 2 4 3  5 7 3 5 5 4 8 6 6 1  0 2 3 3 2 6 6 4 6 0  
- 0 . 0 2 0 1 4 0 8 3 3 1 3  0 0 5 5 3 6 8 7 7 3  2 2 2 6 1 9 8 6 3 9  
- 0 . 3 9 6 1 7 5 8 4 3 4  2 7 3 8 6 6 4 5 6 2  2 3 3 8 4 4 3 5 0 0  
- 0 . 7 8 5 3 8 7 2 7 6 7  0 9 6 6 3 1 6 3 0 6  7 6 0 7 6 5 6 0 6 9  
- 0 . 1 5 6 7 9 2 5 9 8 1  0 0 7 4 6 9 6 2 6 2  4 6 1 6 2 7 0 2 7 9  
- 0 . 3 1 5 0 0 5 5 9 3 9  3 7 6 3 9 9 8 8 2 5  0 0 0 7 3 7 2 8 5 1  
- 0 . 6 3 6 5 0 9 6 8 2 2  5 2 4 2 0 3 7 3 0 4  0 3 8 0 2 6 3 9 7 2  
- 0 . 1 2 9 2 8 8 8 1 1 3  2 8 0 5 6 3 1 8 3 5  6 5 9 3 1 2 1 2 5 9  
- 0 . 2 6 3 8 6 9 0 9 9 9  6 5 9 2 5 5 7 6 1 3  2 1 4 9 9 4 2 8 0 8  
- 0 . 5 4 0 8 9 5 8 2 8 7  0 4 5 0 6 8 7 3 4 9  1 9 2 2 2 0 7 8 9 6  
- 0 . 1 1 1 3 2 2 2 7 8 4  6 0 1 0 8 9 8 9 Y 9  7 6 7 6 6 9 2 7 0 8  
- 0 . 2 2 9 9 6 2 4 7 2 6  0 7 4 4 6 2 4 6 1 8  4 3 3 8 8 6 4 1 4 5  
- 0 . 4 7 6 6 6 8 2 3 8 9  4 9 5 1 9 0 2 6 2 2  3 9 1 3 4 8 2 0 9 1  
- 0 . 9 9 1 1 7 5 6 7 4 7  3 3 5 2 7 0 9 4 5 0  6 2 4 6 6 4 3 3 7 1  
- 0 . 2 0 6 7 1 0 3 5 8 0  4 9 5 7 0 7 2 4 0 0  0 9 0 0 8 0 5 0 2 1  
- 0 . 4 3 2 2 7 7 6 7 8 3  3 8 3 3 8 5 0 5 6 4  5 7 6 4 3 9 4 5 7 9  
- 0 . 9 0 6 3 0 1 4 7 9 9  6 6 5 0 1 7 2 5 5 1  4 9 0 5 6 0 3 3 5 6  
- 0 . 1 9 0 4 6 6 9 9 7 9  5 8 1 6 6 1 3 9 7 4  4 0 1 5 9 6 3 3 4 2  
- 0 . 4 0 1 1 7 9 2 3 2 6  3 5 0 2 7 8 6 6 3 4  6 7 4 4 2 2 7 5 2 0  
- 0 . 8 4 6 7 7 7 2 1 3 0  0 1 6 8 3 2 2 3 1 3  4 1 6 6 3 3 4 6 8 5  
- 0 . 1 7 9 0 8 4 2 7 3 3  6 5 8 6 9 6 6 5 5 5  5 8 2 6 4 9 2 2 0 4  
- 0 . 3 7 9 4 4 9 0 6 3 8  1 7 1 4 7 8 2 4 4 0  1 1 0 6 1 7 5 1 6 6  
- 0 . 8 0 5 3 9 9 9 2 3 6  7 9 8 2 7 9 8 5 2 6  0 9 9 9 6 5 4 0 5 8  
- 0 . 1 7 1 2 3 3 9 0 1 1  2 3 6 2 0 1 2 9 7 4  3 2 2 8 6 7 1 2 4 4  
- 0 . 3 6 4 6 2 7 4 0 5 8  7 7 4 9 6 8 6 2 0 8  6 5 7 6 5 6 2 8 1 6  
- 0 . 7 7 7 5 9 6 9 6 3 8  8 9 3 9 4 7 9 4 3 5  3 0 9 8 1 5 7 6 4 7  
- 0 . 1 6 6 0 6 2 8 4 9 8  4 4 8 4 0 2 0 5 6 6  2 5 3 1 9 5 0 9 6 6  
- 0 . 3 5 5 1 1 7 8 6 2 5  7 8 8 2 5 0 9 3 0 0  5 9 2 7 1 4 5 3 5 2  
- 0 . 7 6 0 3 7 2 2 6 8 5  9 4 1 3 5 8 0 9 2 9  5 7 3 4 6 5 3 2 9 4  
- 0 . 1 6 3 0 0 7 4 1 3 7  2 5 8 4 9 0 0 2 8 8  9 6 3 8 3 7 4 7 5 5  
- 0 . 3 4 9 8 5 7 5 2 0 2  7 2 8 6 3 2 2 3 5 0  7 5 3 8 4 9 7 2 5 5  
- 0 . 7 5 1 7 1 7 9 6 2 7  8 9 0 0 9 8 8 2 4 6  0 6 4 5 1 4 5 1 4 3  
- 0 . 1 6 1 6 8 7 7 4 4 0  0 5 2 7 2 2 7 6 2 9  8 7 7 7 3 1 7 9 1 8  
- 0 . 3 4 8 1 2 7 0 0 8 5  7 2 4 7 5 6 9 1 7 4  8 2 0 2 2 7 1 5 6 5  
- 0 . 7 5 0 2 7 0 7 7 7 5  5 0 2 4 6 5 4 7 0 1  0 6 4 2 2 3 3 7 2 0  
- 0 . 1 6 1 8 4 5 4 3 6 4  4 9 5 9 1 0 2 6 8 0  7 6 1 2 3 3 0 2 0 6  
- 0 . 3 4 9 4 3 6 6 7 7 1  7 0 5 1 6 1 6 6 7 4  9 4 8 2 8 3 6 4 5 2  
- 0 . 7 5 5 1 0 3 6 9 0 6  1 2 6 1 6 7 8 5 8 5  6 0 3 7 0 2 6 7 9 7  

E - 0 1  
E-0 i 
E-02 
E-02 
E-03 
E-04 
E-04 
E-0 5 
E-06 
E-0 7 
E-07 
E-0 8 
E-09 
E-09 
E-10 
E-11 
E - 1 1  
E-12 
E-13 
E-14 
E - 1 4  
E - 1  5 
E-16 
E-16 
E-17 
E-18 
E-18 
E-19 
E-20 
E-20 
E-2 1 
E-22 
E-22 
E-23 
E-24 
E-24 
E-2 5 
E-26 
E-26 
E-27 
E-28 
E-28 
E-29 
E-30 
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TABLE 3 . -  CHEBYSHEV COEFFICIENTS - Continued 

I 
3 3  

(c) [Ei(x) - log 1x1 - Y]/x = AkTk(t), t = x/4, (-4 5 x 5 4) 
k= 0 

k 

0 
1 
2 
3 
4 
5 
6 
7 
8 
9 

1 0  
11 
1 2  
1 3  
14 
1 5  
1 6  
1 7  
1 8  
1 9  
20 
2 1  
2 2  
2 3  
2 4  
25 
2 6  
27 
28 
29  
30 
3 1  
32 
33  

Ak 

0 . 3 2 9 3 7 0 0 1 0 3  7 6 7 3 9 1 2 9 3 9  3 9 0 5 2 3 1 4 2 1  E 01 
0 . 1 6 7 9 8 3 5 0 5 2  3 7 1 3 0 2 9 1 5 6  5 5 0 5 7 9 6 0 6 4  E 01 
0 . 7 2 2 0 4 3 6 1 0 5  6 7 8 7 5 4 3 5 2 4  0 2 9 9 6 7 9 6 4 4  E 00 
0 . 2 6 0 0 3 1 2 3 6 0  5 4 8 0 9 5 6 1 7 1  3 7 4 0 1 8 1 1 9 2  E 0 0  
0 . 8 0 1 0 4 9 4 3 0 8  1 7 3 7 5 0 2 2 3 9  4 7 4 2 8 8 9 2 3 7  E-01 
0 . 2 1 5 1 4 0 3 6 6 3  9 7 6 3 3 3 7 5 4 8  0 5 5 2 4 8 3 0 0 5  E-01 
0 . 5 1 1 6 2 0 7 7 8 9  9 3 0 3 3 1 2 0 6 2  1 9 6 8 9 1 0 8 9 4  E-02 
0 . 1 0 9 0 9 3 2 8 6 1  0 0 7 3 9 1 3 5 6 0  5 0 6 6 1 9 9 0 1 4  E-02 
0 . 2 1 0 7 4 1 5 3 2 0  2 3 9 3 8 9 1 6 3 1  8 3 4 8 6 7 5 2 2 6  E-03 
Om3719904516  6 5 1 8 8 8 5 7 0 9  5 9 4 0 8 1 5 9 5 6  E-04 
0 0 6 0 4 3 4 9 1 6 3 7  1 2 3 8 7 8 7 5 7 0  4 7 6 7 0 3 2 8 6 6  E-05 
0 . 9 0 9 2 9 5 4 2 7 3  9 6 2 6 0 9 5 2 b 4  9 5 9 6 5 4 1 7 7 2  E-06 
0 . 1 2 7 3 8 0 5 1 6 0  6 5 9 2 6 4 7 8 b 6  5 5 6 7 1 8 4 9 6 9  E-06 
0 . 1 6 6 9 1 8 5 7 4 8  4 1 0 9 8 9 0 7 3 9  0 8 9 6 1 4 3 8 1 4  E-07 
0 0 2 0 5 4 4 1 7 0 2 6  4 0 1 0 4 7 9 2 5 4  7 6 1 2 4 8 4 5 5 1  E-08 
0 . 2 3 8 3 5 8 4 4 4 4  4 6 6 8 1 7 6 5 9 1  4 0 5 2 3 2 1 4 1 7  E-09 
0 . 2 6 1 5 3 8 6 3 7 8  8 8 5 4 4 2 9 6 6 6  9 0 6 8 6 6 4 1 4 8  E-10 
0 . 2 7 2 1 8 5 8 6 2 2  8 5 4 1 6 7 0 6 4 4  6 5 5 0 2 6 8 9 9 5  E - 1 1  
0 . 2 6 9 3 7 5 0 0 3 1  9 8 3 5 7 9 2 9 9 2  5 3 2 6 4 2 7 4 4 2  E-12 
0 . 2 5 4 1 2 2 0 9 4 6  7 0 7 2 6 3 5 5 4 6  7 8 8 4 0 8 9 3 0 7  E-13 
0 . 2 2 9 0 1 3 0 4 0 6  8 6 5 0 3 7 0 9 4 1  8 5 1 0 6 2 0 5 1 6  E-14 
0 . 1 9 7 5 4 6 5 7 3 9  0 7 4 6 2 2 9 9 4 0  1 0 5 7 6 5 0 4 1 2  E-15 
0 . 1 6 3 4 0 2 4 5 5 1  9 2 8 9 3 1 7 4 0 6  8 6 3 5 4 1 9 9 8 4  ~ - 1 6  
0 . 1 2 9 8 2 3 5 4 3 7  0 7 9 6 3 7 6 0 9 9  1 9 6 1 2 9 3 2 0 4  E-17 
0 . 9 9 2 2 5 8 7 9 2 5  0 7 3 7 1 0 5 9 6 4  4 6 3 2 5 8 1 3 0 2  E-19 
0 . 7 3 0 6 2 5 2 8 0 6  7 2 2 1 0 3 2 9 4 4  7 2 3 0 8 8 0 0 8 7  E-20 
0 . 5 1 8 9 6 7 6 8 3 4  6 0 4 3 4 5 1 2 7 2  0 7 8 0 0 8 0 0 1 9  E-21 
0 . 3 5 6 0 4 0 9 4 5 4  0 9 9 7 0 6 8 1 1 2  8 0 4 3 1 6 2 2 2 7  E-22 
0 . 2 3 6 1 9 7 9 4 3 2  5 7 9 3 8 6 4 2 3 7  0 1 8 7 2 0 3 9 4 8  E-23 
0 . 1 5 1 6 8 3 7 7 6 7  7 2 1 4 5 2 9 7 5 4  9 6 2 4 5 1 6 8 1 9  E-24 
0 . 9 4 3 9 0 8 9 7 2 2  2 4 4 8 7 4 4 2 9 2  5 3 1 0 4 0 5 2 4 5  E-26 
0 . 5 6 9 7 2 2 7 5 5 9  5 0 3 6 9 2 1 1 9 8  9 5 8 1 7 3 7 8 3 1  E-27 
0 0 3 3 3 8 3 3 3 6 2 7  7 9 5 4 3 3 0 3 1 5  6 5 9 7 9 3 9 5 6 2  E-28 
0 . 1 9 0 0 6 2 6 0 1 2  8 1 6 1 9 1 4 8 5 2  6 6 8 0 4 8 2 2 3 7  E-29 

(Y = 0.5772156649 0153286060 6512090082 E 00)  
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TABLE 3 . -  CHEBYSHEV COEFFICIENTS - C o n t i n u e d  
49 

k 

0 
1 
2 
3 
4 
5 
6 
7 
8 
9 

10 
11 
1 2  
1 3  
14 
1 5  
1 6  
1 7  
1 8  
1 9  
2 0  
2 1  
2 2  
2 3  
2 4  
2 5  
2 6  
2 7  
2 8  
2 9  
30 
3 1  
3 2  
37 
3 4  
35 
3 6  
37 
38 
3 9  
4 0  
41 
4 2  
4 3  
44 
45  
46  
47 
4 8  
4 9  

~- .- 

- .  

k= O 
- .  - -. ~ 

Ak . .~ . . - . ~~~ 

0 . 2 4 5 5 1 3 3 5 3 8  7 8 1 2 9 5 2 8 6 7  3 4 2 0 4 5 7 0 4 3  E 01 
- 0 . 1 6 2 4 3 8 3 7 9 1  3 0 3 7 6 5 2 4 3 9  6 0 0 2 2 7 6 8 5 6  E 0 0  

0 . 4 4 9 5 7 5 3 0 8 0  9 3 5 7 2 6 4 1 4 8  0 7 8 5 4 1 7 1 9 3  E-01 
- 0 . 6 7 4 1 5 7 8 6 7 9  9 8 9 2 2 9 9 8 8 4  8 7 1 8 8 3 5 0 5 0  E-02 
- 0 . 1 3 0 6 6 9 7 1 4 2  8 0 3 2 9 4 2 8 0 5  1 5 9 9 3 4 1 3 8 7  E-02 

0 . 1 3 8 1 0 8 3 1 4 6  0 0 0 7 2 5 7 6 0 2  0 2 0 2 0 8 9 8 2 0  E-02 
- 0 . 5 8 5 0 2 2 8 7 9 0  1 5 9 6 5 7 9 8 6 8  7 3 6 8 2 4 2 3 9 4  E-03 

0 . 1 7 4 9 2 9 9 3 4 1  0 7 8 9 1 9 7 0 0 3  8 7 4 0 9 7 6 4 3 2  E-03 
- 0 0 4 0 4 7 2 8 1 4 9 9  0 5 2 9 3 0 3 5 5 2  2 8 6 9 9 3 3 8 0 0  E-04 

0 . 7 2 1 7 1 0 2 4 1 2  1 7 0 9 9 7 5 0 0 3  5 7 5 2 6 0 0 0 4 9  E-05 
- 0 . 8 6 1 2 7 7 6 9 7 0  1 9 8 6 7 7 5 2 4 1  4 8 1 5 4 5 0 1 9 3  E-06 
- 0 . 2 5 1 4 4 7 5 2 9 6  5 3 2 2 5 5 9 7 7 7  9 0 8 4 7 3 9 0 5 4  E-09 

0 . 3 7 9 4 7 4 7 1 3 8  2 0 1 4 9 5 1 0 8 1  4 0 7 4 5 0 5 5 7 4  E-07 
- 0 . 1 4 4 2 1 1 7 9 6 9  5 2 1 1 9 8 0 6 1 6  0 2 6 5 6 4 0 1 7 2  E-07 

0 . 3 9 3 5 0 4 9 2 9 5  9 7 6 1 0 1 3 1 6 8  7 1 9 0 8 4 8 0 4 2  E-08 
- 0 . 9 2 8 4 6 8 9 4 0 1  0 6 3 3 1 7 5 3 G 4  7 2 8 9 2 1 0 3 5 3  E-09 

0 . 2 0 3 1 7 8 9 5 6 8  0 0 6 5 4 6 1 3 3 6  6 0 9 0 9 9 5 6 9 8  E-09 
- 0 . 4 2 9 2 4 9 8 5 0 4  9 9 2 ? 6 8 3 1 4 2  7 9 1 8 0 2 6 9 0 2  E-10 

3 . 8 9 9 2 6 4 7 1 7 7  7 8 1 2 3 9 3 5 2 6  8 0 0 1 5 4 4 1 8 2  E - 1 1  
- 0 . 1 9 0 0 8 6 9 1 1 8  4 1 2 1 0 9 7 5 2 4  2 3 9 6 6 3 5 7 2 2  E-11 

0 . 4 0 9 2 1 3 5 9 1 2  2 2 3 7 3 8 3 4 5 2  6 1 2 1 1 7 8 3 3 8  E-12 
- 0 . 8 9 9 9 2 5 3 4 3 7  2 9 3 1 9 0 1 9 8 2  5 4 3 5 8 2 4 5 8 5  E-13 

0 . 2 0 1 9 6 5 4 6 7 0  8 2 4 2 6 3 8 3 3 5  4 9 4 8 5 4 3 4 5 1  E-13 
- 0 . 4 6 1 2 9 3 0 2 6 1  3 8 3 0 8 2 0 7 1 9  4 9 5 0 5 3 1 7 2 6  E-14 

0 . 1 0 6 9 0 2 3 0 7 2  9 3 8 6 3 6 9 5 6 6  8 8 5 7 2 5 6 4 0 9  E-14 
- 0 . 2 5 0 7 0 3 0 0 7 0  5 7 0 0 7 2 9 5 6 9  2 5 7 2 2 5 4 0 4 2  E-15 

0 . 5 9 3 7 3 2 2 5 0 3  7 9 1 5 5 1 6 0 7 0  6 0 7 3 7 6 3 5 0 9  E-16 
- 0 . 1 4 1 7 7 3 4 5 8 2  4 3 7 6 6 2 5 2 3 4  4 7 4 2 0 0 5 6 4 8  E-16 

0 . 3 4 0 9 2 0 3 7 5 4  3 6 0 8 0 8 9 3 4 2  6 8 3 6 4 0 2 0 9 3  E-17 
- 0 . 8 2 4 8 2 9 0 2 6 9  5 0 5 4 9 3 7 9 2 8  8 7 0 2 5 2 9 6 5 6  E-18 

0 . 2 0 0 6 3 6 9 7 1 2  6 2 1 4 4 2 3 1 3 9  8 8 2 4 0 9 5 9 3 7  E-18 
- 0 . 4 9 0 3 8 5 1 6 6 7  7 6 7 4 2 2 2 4 4 0  3 4 9 8 1 5 2 0 2 7  E-19 

0 . 1 2 0 3 7 3 4 4 8 2  3 4 8 3 3 2 1 7 1 6  6 6 6 4 6 0 9 3 2 4  E-19 
- 0 . 2 9 6 6 2 8 2 4 4 7  1 4 1 3 6 8 2 5 3 8  1 4 5 3 5 7 2 5 7 5  E-23 

0 . 7 3 3 5 5 1 2 3 8 4  2 8 8 0 7 5 9 9 2 4  2 1 4 2 3 2 8 4 3 6  E-21 
- 0 . 1 8 1 9 9 2 4 1 4 2  9 0 8 5 1 1 2 7 3 4  4 2 6 3 4 8 5 6 0 4  E-21 

0 . 4 5 2 8 6 2 9 3 7 4  2 9 5 7 6 0 0 0 2 1  7 3 5 9 5 2 6 4 0 4  E-22 
- 0 . 1 1 2 9 9 8 0 0 4 3  7 5 0 6 0 9 6 1 3 3  8 9 0 6 7 1 7 3 5 3  E-22 

0 . 2 8 2 6 6 8 1 2 5 1  2 9 0 1 1 6 5 6 Y 2  3 7 6 4 4 0 8 4 4 5  E-23 
- 0 . 7 0 8 7 7 1 7 9 7 7  1 6 9 0 4 9 6 1 6 6  6 7 3 2 6 4 0 6 9 9  E-24 

0 . 1 7 8 1 1 0 4 5 2 4  0 1 8 7 C 9 5 1 5 3  4 4 0 1 5 3 0 0 3 4  E-24 
- 0 . 4 4 8 5 0 0 4 0 7 6  6 1 8 9 6 3 5 7 3 1  2 0 0 6 1 4 2 3 5 8  E-25 

0 . 1 1 3 1 5 4 0 2 9 2  5 7 5 4 7 6 6 2 2 4  5 0 5 3 0 9 0 8 4 0  E-25 
- 0 . 2 8 5 9 9 5 7 8 9 9  7 7 9 3 2 1 6 3 7 9  0 4 1 4 3 2 6 1 3 6  E-26 

0 . 7 2 4 0 7 7 5 8 0 6  9 2 2 6 7 3 6 1 7 5  8 1 7 2 7 2 6 7 5 3  E-27 
- 0 . 1 8 3 6 1 3 2 2 3 4  1 2 5 7 7 8 9 8 0 5  0 6 6 6 7 1 0 1 0 5  E-27 

0 . 4 6 6 3 1 2 8 7 3 5  2 2 7 3 0 4 8 6 5 8  2 6 0 0 1 2 2 0 7 3  E-28 
- 0 . 1 1 8 5 9 5 9 5 8 8  9 1 9 0 2 8 8 7 9 4  6 7 2 4 0 0 5 4 7 8  E-28 

0 . 3 0 2 0 2 3 0 5 9 0  5 5 6 7 1 3 1 0 7 3  1 1 3 7 6 1 4 8 7 5  E-29 
- 0 . 7 7 0 1 6 5 0 5 4 8  1 6 6 3 6 6 0 6 0 9  8 8 2 7 0 5 7 1 0 2  E-30 
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'TABLE 3 . -  CHEBYSHEV COEFFICIENTS - C o n t i n u e d  
47 

(e) xe'XEi(x) = c' A k T k ( t ) ,  t = (X - 22)/10, (12 5 X 5 32) 

k 

0 
1 
2 
3 
4 
5 
6 
7 
8 
9 
10 
11 
1 2  
1 3  
14 
1 5  
1 6  
1 7  
1 8  
1 9  
2 0  
2 1  
22 
2 3  
2 4  
25 
2 6  
27 
28 
2 9  
30 
31 
32 
33  
3 4  
35 
36 
37 
38 
39  
40  
41 
42 
4 3  
44 
45 
4 6  
47  

k= O 

Ak 

0 . 2 1 1 7 0 2 8 6 4 0  4 3 6 9 8 6 6 8 3 2  9 7 8 9 9 9 1 6 1 4  E 0 1  
- 0 . 3 2 0 4 2 3 7 2 7 3  7 5 4 8 5 7 9 4 Y 9  0 6 1 8 3 0 3 1 7 7  E-01 

0 . 8 8 9 1 7 3 2 0 7 7  3 5 3 1 6 8 3 5 8 9  0 1 8 2 4 0 0 3 3 5  E-02 
- 0 . 2 5 0 7 9 5 2 8 0 5  1 8 9 2 9 9 3 7 0 8  8 3 5 2 4 4 2 0 6 3  E-02 

0 . 7 2 0 2 7 8 9 4 6 5  9 5 9 8 7 5 4 8 3 7  5 7 6 0 9 0 2 4 8 7  E-03 
- 0 . 2 1 0 3 4 9 0 0 5 8  5 0 1 1 3 0 5 3 4 2  3 5 3 1 4 4 1 2 5 6  E-03 

0 . 6 2 0 5 7 3 2 3 1 6  2 7 6 9 3 2 1 6 5 8  8 8 5 7 7 3 0 8 4 2  E-04 
- 0 . 1 8 2 6 5 6 6 7 4 9  8 1 6 7 0 2 6 5 4 4  9 1 5 5 6 8 9 7 3 3  E-04 

0 . 5 2 7 0 6 5 1 5 7 5  2 8 9 3 6 3 7 5 3 0  7 7 8 8 2 9 6 8 1 1  E-05 
- 0 . 1 4 5 9 6 6 6 5 4 7  6 1 9 9 4 5 7 5 3 2  3 0 6 6 7 1 9 3 6 7  E-05 

0 . 3 7 8 1 7 1 9 9 7 3  5 8 9 6 3 6 7 1 9 8  0 4 8 4 1 9 3 9 8 1  E-06 
- 0 . 8 8 4 2 5 8 1 2 8 2  8 4 0 7 1 9 2 0 0 7  7 9 7 1 5 8 9 0 1 2  E-07 

0 . 1 7 4 1 7 4 9 1 9 8  5 3 8 3 9 3 6 1 3 7  7 3 5 0 3 0 9 1 5 6  E-07 
- 0 . 2 3 1 3 5 1 7 7 4 7  0 4 3 6 9 0 6 3 5 0  6 4 7 4 4 8 0 1 5 2  E-08 
- 0 . 1 2 2 8 6 0 9 8 1 9  1 8 0 8 6 2 3 8 8 3  2 1 0 4 8 3 5 2 3 0  E-09 

0 . 2 3 4 9 9 6 6 2 3 6  3 2 2 8 6 3 7 0 4 7  8 3 1 1 3 8 1 9 2 6  E-09 
- 0 . 1 1 0 0 7 1 9 4 0 1  0 2 7 2 6 2 8 7 6 9  0 7 3 8 9 6 3 0 4 9  E-09 

0 . 3 8 4 8 2 7 5 1 5 7  8 6 1 2 0 7 1 1 1 4  9 7 0 5 5 6 3 3 6 9  E-10 
- 0 . 1 1 4 8 4 4 0 9 6 7  4 9 0 0 1 5 8 9 6 5  8 4 3 9 3 0 1 6 0 3  E-10 

0 . 3 0 5 6 8 7 6 2 9 3  0 8 8 5 2 0 8 2 6 3  0 8 9 3 6 2 6 2 0 0  E - 1 1  
- 0 . 7 3 8 8 2 7 8 7 2 9  2 8 4 7 3 5 6 6 4 5  4 1 6 3 1 3 1 4 3 1  E-12 

0 . 1 6 3 0 9 3 3 0 9 4  1 6 5 9 4 1 1 0 5 6  4 1 4 8 0 1 3 7 4 9  E-12 
- 0 . 3 2 7 6 9 8 9 3 7 3  3 1 2 7 1 2 4 9 6 5  7 1 1 1 7 7 4 7 4 8  E-13 

0 . 5 8 9 8 1 1 4 3 4 7  0 7 1 3 1 9 6 1 7 1  1 1 6 4 2 8 3 9 1 8  E - 1 4  
- 0 . 9 0 9 9 7 0 7 6 3 5  ' 3 5 6 4 9 2 0 4 6 4  3 5 5 4 7 2 0 7 1 8  E-15 

0 . 1 0 4 0 7 5 2 3 8 2  6 6 9 5 5 3 8 6 5 8  5 4 0 5 6 9 7 5 4 1  E-15 
- 0 . 1 8 0 9 8 1 5 4 2 6  0 5 9 2 2 7 9 3 2 2  7 1 6 3 3 5 5 9 3 5  E-17 
- 0 . 3 7 7 7 0 9 8 8 4 2  5 6 3 9 4 7 7 3 3 6  9 5 9 3 4 9 4 4 1 7  E-17 

0 . 1 5 8 0 3 3 2 9 0 1  0 2 8 4 7 9 5 7 1 3  6 7 5 9 8 8 9 4 2 0  E-17 
- 0 . 4 6 8 4 2 9 1 7 5 8  8 3 8 8 2 7 3 0 6 4  8 4 3 3 7 5 2 9 5 7  E-18 

0 . 1 1 9 9 5 1 6 8 5 2  5 9 1 9 t 0 9 3 7 0  7 5 3 3 4 7 8 5 4 2  E-18 
- 0 . 2 8 2 3 5 9 4 7 4 9  8 4 1 8 6 5 1 7 6 7  9 3 4 9 9 3 1 1 1 7  E-19 

0 . 6 2 9 3 7 3 8 0 6 5  6 4 4 5 3 5 2 2 6 2  7 5 2 0 1 9 0 3 4 9  E-20 
- 0 . 1 3 5 2 4 1 0 2 4 9  5 3 4 7 9 7 5 6 2 0  5 3 4 3 9 7 3 1 7 7  E-20 

0 . 2 8 3 7 1 0 6 0 5 3  8 5 5 2 9 1 4 1 5 9  0 9 8 0 4 2 6 2 1 0  E-21 
- 0 . 5 8 6 7 0 0 7 4 2 0  2 4 6 3 8 3 2 3 5 3  1 9 3 6 3 7 1 0 1 5  E-22 

0 . 1 2 0 5 2 4 7 6 3 6  0 9 5 4 7 3 1 1 1 1  2 4 4 9 6 8 6 9 1 7  E-22 
- 0 . 2 4 7 4 4 4 6 6 1 6  9 9 8 8 4 8 6 9 7 2  8 4 1 6 0 1 1 2 4 6  E-23 

0 . 5 0 9 9 9 6 2 5 8 5  8 3 7 8 5 0 0 8 1 4  2 9 8 6 4 6 5 6 8 8  E-24 
- 0 . 1 0 5 8 3 8 2 5 7 6  7 7 5 4 2 2 4 3 8 8  7093 .294733  E-24 

0 . 2 2 1 5 2 7 6 2 4 5  0 7 0 4 0 2 7 8 5 6  6 4 2 9 3 8 7 1 5 5  E-25 
- 0 . 4 6 7 9 2 7 8 7 5 4  7 5 6 9 6 2 5 8 6 7  1 8 5 2 5 4 6 2 3 1  E-26 

0 . 9 9 7 2 8 7 2 9 9 0  6 0 2 0 7 7 0 4 U 2  4 2 6 9 8 2 8 0 7 9  E-27 
- C . 2 1 4 3 2 6 7 9 4 5  2 1 6 7 6 8 0 4 5 9  1 9 0 7 8 0 5 8 4 4  E-27 

0 . 4 6 4 0 6 5 6 0 0 8  8 3 8 1 8 1 1 4 3 3  8 4 1 4 8 2 9 5 1 5  E-28 
- 0 . 1 0 1 1 4 4 7 3 4 9  21 .15139094  8 4 6 1 8 0 0 7 8 0  E-28 

0 . 2 2 1 7 2 1 1 5 2 2  71OC771109  3 0 4 6 8 7 8 3 4 5  E-29 
- 0 . 4 8 8 4 8 9 0 4 6 9  2 4 3 7 6 5 5 3 2 2  4 9 1 4 6 4 5 5 1 2  E-30 
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TABLE 3 . -  CHEBYSHEV COEFFICIENTS - Concluded 
x e - x E i ( x )  = 2' AkTk(t) ,  t = ( 6 4 / ~ )  - 1, (32 I x < m) 

k= 0 

k - 
0 
1 
2 
3 
4 
5 
6 
7 
8 
9 

1 0  
11 
1 2  
1 3  
14 
1 5  
1 6  
1 7  
18 
1 9  
20 
2 1  
2 2  
2 3  
2 4  
2 5  
2 6  
27 
28 
2 9  
30 
3 1  
32 
33  
3 4  
35  
36 
37 
38 
3 9  
4 0  
41 
4 2  
4 3  
44 
4 5  
4 6  

Ak 
0 . 2 0 3 2 8 4 3 9 4 5  7 9 6 1 6 6 9 9 0 8  7 8 7 3 8 4 4 2 0 2  E 01 
0 . 1 6 6 9 9 2 0 4 5 2  0 3 1 3 6 2 8 5 1 4  7 6 1 8 4 3 4 3 3 9  E-01 
0 . 2 8 4 5 2 8 4 7 2 4  3 6 1 3 4 6 8 0 7 4  2 4 8 9 9 8 5 3 2 5  E-03 
0 . 7 5 6 3 9 4 4 3 5 8  5 1 6 2 0 6 4 8 9 4  8 7 8 6 6 9 3 8 5 4  E-05 
0 . 2 7 9 8 9 7 1 2 8 9  4 5 0 8 5 9 1 5 7 5  0 4 8 4 3 1 8 0 9 0  E-06 
0 . 1 3 5 7 9 0 1 8 2 8  5 3 4 5 3 1 0 6 9 5  2 5 5 6 3 9 2 5 9 3  E-07 
0 . 8 3 4 3 5 9 6 2 0 2  0 4 0 4 6 9 2 5 5 8  5 6 1 0 2 8 9 4 1 2  E-09 
0 . 6 3 7 0 9 7 1 7 2 7  6 4 0 2 4 8 4 3 8 2  7 5 2 4 3 3 7 3 0 6  E-10 
0 . 6 0 0 7 2 4 7 6 0 8  8 1 1 8 6 1 2 3 5 7  6 0 8 3 0 8 4 8 5 0  E - 1 1  
0 . 7 0 2 2 8 7 6 1 7 4  6 7 9 7 7 3 5 9 0 7  5 0 5 9 2 1 6 5 8 8  E-12 
0 . 1 0 1 8 3 0 2 6 7 3  7 0 3 6 8 7 6 9 3 0  9 6 6 7 3 2 2 1 5 2  E-12 
0 . 1 7 6 1 8 1 2 9 0 3  4 3 0 8 8 0 0 4 0 4  0 6 5 6 7 4 1 5 5 4  E-13 
0 . 3 2 5 0 8 2 8 6 1 4  2 3 5 3 6 0 6 9 4 2  4 0 7 2 0 0 7 6 4 7  E-14 
0 . 5 0 7 1 7 7 0 0 2 5  5 0 5 8 1 8 6 7 6 8  1 4 7 9 3 0 0 6 8 5  E-15 
0 . 1 6 6 5 1 7 7 3 8 7  0 4 3 2 9 4 2 9 8 5  3 5 2 0 0 3 6 9 5 7  E-16 

- 0 . 3 1 6 6 7 5 3 8 9 0  7 9 7 5 1 4 4 0 0 7  2 4 1 0 0 1 8 9 6 3  E-16 
- 0 . 1 5 8 8 4 0 3 7 6 3  6 6 4 1 4 1 5 1 5 4  8 4 2 3 1 3 4 0 7 4  E-16 
- 0 . 4 1 7 5 5 1 3 2 5 6  1 3 8 0 1 8 8 3 0 8  9 6 2 6 4 5 5 0 6 3  E-17 
- 0 . 2 8 9 2 3 4 7 7 4 9  7 0 7 1 4 1 8 8 2 0  2 8 6 8 8 6 2 3 5 8  E-18 

0 . 2 8 0 0 6 2 5 9 0 3  3 9 6 6 0 8 0 7 2 8  9 9 7 8 7 7 7 3 3 9  E-18 
0 . 1 3 2 2 9 3 8 6 3 9  5 3 9 2 7 0 8 9 1 4  0 5 3 2 0 0 5 3 6 4  E-18 
0 . 1 8 0 4 4 4 7 4 4 4  1 7 7 3 0 1 9 9 5 8  5 3 3 4 8 1 1 1 9 1  E-19 

- 0 . 7 9 0 5 3 8 4 0 8 6  5 2 2 6 1 6 5 6 2 0  2 0 2 1 0 8 0 3 6 4  E-20 
- 0 . 4 4 3 5 7 1 1 3 6 6  3 6 9 5 7 3 4 4 7 1  6 1 6 7 3 1 4 0 4 5  E-20 
- 0 1 4 2 6 4 1 0 3 9 9 4  9 7 8 1 0 2 6 1 7 6  0 5 7 9 7 7 9 7 4 6  E-21 

0 . 3 9 2 0 1 0 1 7 6 6  9 3 7 1 4 3 9 0 7 2  5 6 2 5 3 8 8 6 3 6  E-21 
0 . 1 5 2 7 3 7 8 0 5 1  3 4 3 9 6 3 6 4 4 7  2 8 0 4 4 8 6 4 0 2  E-21 

- 0 . 1 0 2 4 8 4 9 5 2 7  0 4 9 4 9 0 6 0 7 8  6 9 5 3 1 4 9 7 8 8  E-22 
- 0 . 2 1 3 4 9 0 7 8 7 4  7 7 1 0 8 9 3 7 9 4  8 9 0 4 2 8 7 2 3 1  E-22 
- 0 . 3 2 3 9 1 3 9 4 7 5  1 6 0 2 3 6 8 7 6 1  4 2 7 9 7 8 9 3 4 5  E-23 

0 . 2 1 4 2 1 8 3 7 6 2  2 9 6 4 5 9 7 0 2 9  6 2 4 9 3 5 5 9 3 4  E-23 
0 . 8 2 3 4 6 0 9 4 1 9  6 1 8 9 9 5 5 3 1 6  9 2 0 7 8 3 8 1 5 1  E-24 

- 0 . 1 5 2 4 6 5 2 8 2 9  6 2 0 6 7 2 1 0 8 1  1 4 9 5 0 3 8 1 4 7  E-24 
- 0 . 1 3 7 8 2 0 8 2 8 2  4 8 6 2 4 4 0 1 2 9  0 4 3 8 1 2 6 4 7 7  E-24 

0 . 2 1 3 1 3 1 1 2 0 1  4 2 8 7 3 7 0 6 7 9  1 5 1 3 0 0 5 9 9 8  E-26 
0 . 2 0 1 2 6 4 9 6 5 1  8 7 1 3 2 6 6 5 8 5  9 2 1 3 0 0 6 5 0 7  E-25 
0 . 1 9 9 5 5 3 5 6 6 2  0 5 6 3 7 4 0 2 3 2  0 6 0 7 1 7 8 2 6 6  E-26 

- 0 . 2 7 9 8 9 9 5 8 1 2  2 0 1 7 9 7 1 1 4 L  6 0 2 0 8 8 4 4 6 4  E-26 
- 0 . 5 5 3 4 5 1 1 8 3 0  5 0 7 0 0 2 5 0 9 4  9 7 8 4 9 4 2 5 6 0  E-27 

0 . 3 8 8 4 9 9 5 4 2 2  6 8 4 5 5 2 5 3 1 2  9 7 4 9 0 0 0 6 9 6  E-27 
0 . 1 1 2 1 3 0 4 4 0 7  2 3 3 0 7 0 1 2 5 4  0 0 4 3 2 6 4 7 1 2  E-27 

- 0 . 5 5 6 6 5 6 8 2 8 6  7 4 4 5 9 4 8 8 0 5  7 8 2 3 8 1 6 8 6 6  E-28 
- 0 . 2 0 4 5 4 8 2 6 1 2  4 6 5 1 3 5 7 6 2 8  8 8 6 5 8 7 8 7 2 2  E-28 

0 . 8 4 5 3 8 1 4 0 6 4  4 8 9 3 8 0 8 9 4 3  7 3 6 1 1 9 3 5 9 8  E-29 
0 . 3 5 6 5 7 5 5 1 5 1  2 0 1 5 1 5 2 6 5 9  0 7 9 1 7 1 5 7 8 5  E-29 

- 0 . 1 3 8 3 6 5 2 4 2 3  4 7 7 9 7 7 5 1 8 1  0 1 9 5 7 7 2 0 0 6  E-29 
- 0 . 6 0 6 2 1 4 2 6 5 3  __ 2 0 9 3 4 5 0 5 7 6  7 8 6 5 2 8 6 3 0 6  E-30 ~- 
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TABLE 4 . -  FUNCTION VALUES OF THE ASSOCIATED FUNCTIONS 

~~ 

X 

-1NF 
-160  

-80  
- 5 3  1 / 3  

-40  
-3 2 

- 2 6  2 / 3  
-22  6 / 7  

-20  
-17 7 / 9  

-16 
-14 6 / 1 1  
- 1 3  1 / 3  

-12 4 / 1 3  
-11 3 / 7  
-10 2 / 3  

-10 

X 

-10 roo0  
-9.625 
-9.250 
-8.875 
-8 5 0 0  
-8.125 
- 7 0 7 5 0  
-7 . 375  
-7 0 0 0  
-6.625 
-6.250 
-5 a875 
-5 0 5 0 0  
-5.125 
- 4 0 7 5 0  
-4.375 
-4 000 

t = -(2O/x) - 1 
-1.000 
-0.875 
-0.750 
-0.625 
-0.500 
-0.375 
-0.250 
-0.125 
-0.000 

0 .125  
0 .250  
0 .375  
0 .500  
0 0 6 2 5  
0 .750  
0 .875  
1.000 

-1.000 
-0.875 
-0.750 
-0.625 
-0.500 
-0.375 
-0.250 
-0.125 
-0.000 

0 .125  
0.250 
0 .375  
0.500 
0 0 6 2 5  
0 0 7 5 0  
0 .875  
1.000 

xe-XEi (x) 

0 ~ 1 0 0 0 0 0 0 0 0 0  0 0 0 0 0 0 0 0 0 0  0 0 0 0 0 0 0 0 0 0  E 01 
0 . 9 9 3 8 2 6 6 9 5 6  7 4 0 6 1 2 7 3 8 7  8 7 9 7 8 5 0 0 8 8  E OC 
0 . 9 8 7 8 0 1 3 3 3 0  9 4 2 8 8 7 7 3 5 6  4 5 2 2 6 0 8 4 1 0  E OC 
0 . 9 8 1 9 1 6 2 9 0 1  4 3 1 9 4 4 3 9 6 1  7 7 3 5 4 2 6 1 0 5  E OC 
0 . 9 7 6 1 6 4 6 0 3 1  8 5 1 4 3 0 5 0 8 0  8 0 0 0 6 0 4 0 6 0  E OC 
0 . 9 7 0 5 3 9 8 8 4 0  7 4 6 6 3 9 2 0 4 6  2 5 8 4 6 6 4 3 6 1  E OC 
0 . 9 6 5 0 3 6 2 5 1 1  2 3 3 7 7 0 3 5 7 6  3 5 3 6 5 9 3 5 2 8  E OC 
0 . 9 5 9 6 4 8 2 7 1 0  7 9 3 6 7 2 7 6 1 6  5 4 7 6 9 7 0 8 2 0  E OC 
0 . 9 5 4 3 7 0 9 0 9 9  3 9 2 1 6 8 3 3 9 7  5 1 9 5 8 2 9 4 3 3  E 00 
0 . 9 4 9 1 9 9 4 9 0 7  7 9 7 4 5 7 4 4 6 0  6 4 4 5 3 4 6 8 0 3  E OC 

0 . 9 3 9 1 5 7 3 4 4 4  1 9 2 8 4 2 4 1 2 4  0 4 2 2 4 0 9 9 8 8  E 0 0  
0 . 9 3 4 2 7 8 7 4 6 6  5 3 4 1 0 4 6 4 8 0  9 3 7 5 8 0 1 6 5 0  E 00 
0 . 9 2 9 4 9 0 2 9 8 4  9 7 2 1 4 0 3 7 7 2  5 3 1 9 6 7 9 0 4 2  E 00 
0 . 9 2 4 7 8 8 6 5 1 1  4 0 8 4 1 6 9 6 0 5  5 9 9 3 5 8 5 4 9 2  E 00 
0 . 9 2 0 1 7 0 6 5 4 2  4 9 4 4 5 6 7 6 2 0  2 1 4 8 0 1 2 1 4 9  E 00 
0 . 9 1 5 6 3 3 3 3 9 3  9 7 8 8 0 6 1 8 7 6  0 6 9 8 1 5 7 6 6 6  E 00 

0 . 9 4 4 1 2 9 6 5 7 7  3 6 9 0 2 9 7 8 9 a  4 ~ x 7 1 5 8 3  E 00 

xe-xEi (x) 

0 . 9 1 5 6 3 3 3 3 9 3  9 7 8 8 0 8 1 8 7 6  0 6 9 8 1 5 7 6 6 1  E 00 
0 . 9 1 2 8 4 4 4 6 1 4  6 7 9 9 3 4 1 8 8 5  6 5 7 5 6 6 2 2 1 7  E 00 
0 0 9 0 9 8 6 2 7 5 1 5  2 5 4 2 4 1 3 9 3 7  8 9 5 4 2 7 4 5 9 7  E 0 0  
0 . 9 0 6 6 6 7 2 7 0 6  5 4 7 5 3 8 8 0 3 3  4 9 9 5 7 5 6 4 1 8  E 00 
0 . 9 0 3 2 3 3 9 0 1 9  7 3 2 0 7 8 4 4 1 4  4 6 8 2 9 2 6 1 3 5  E 00 
0 . 8 9 9 5 3 4 7 1 7 6  8 8 4 7 3 8 3 6 3 0  1 4 1 5 7 7 7 6 9 7  E 00 
0 . 8 9 5 5 3 7 1 8 7 0  8 7 5 3 9 1 5 7 1 7  9 4 7 5 5 1 3 2 1 9  E 0 0  
0 0 8 9 1 2 0 3 1 7 6 3  2 1 2 5 4 3 1 6 2 6  7 0 8 7 4 7 6 2 5 8  E 0 0  
0 . 8 8 6 4 8 7 6 7 2 5  3 6 4 2 9 3 5 2 8 9  3 9 9 3 8 4 6 5 6 9  E 00 
0 0 8 8 1 3 3 7 1 3 8 4  6 8 2 1 0 2 0 0 3 9  4 3 0 5 7 0 6 2 7 0  E 0 0  
0 . 8 7 5 6 8 7 3 6 4 7  8 8 4 6 5 9 3 2 2 7  6 4 6 2 1 5 5 5 3 2  E 0 0  
0 . 8 6 9 4 6 0 6 2 9 4  5 4 1 1 3 4 1 0 3 0  2 0 4 7 1 5 3 3 6 4  E 0 0  
0 . 8 6 2 5 6 1 8 8 4 6  9 0 7 0 1 4 2 2 0 9  0 9 1 8 9 8 6 5 8 6  E 0 0  
0 . 8 5 4 8 7 3 5 5 3 8  9 0 1 9 9 5 4 2 3 9  2 4 2 5 5 6 7 2 3 4  E 00 
0 . 8 4 6 2 4 8 2 9 9 1  0 3 5 8 7 3 6 1 1 7  1 6 6 5 7 9 8 8 1 0  E 00 
0 . 8 3 6 4 9 8 7 5 4 5  5 6 2 9 8 7 4 1 7 4  2 1 5 2 2 6 7 5 8 2  E 0 0  
0 . 8 2 5 3 8 2 5 9 9 6  0 4 2 2 3 3 3 2 4 0  8 1 8 3 0 3 5 5 0 4  E 00 
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TABLE 4.- FUNCTION VALUES OF THE ASSOCIATED FUNCTIONS - Continued 

t = x/4 

-1.000 
-0.875 
-0.750 
-0.625 
-0.500 
-0.375 
-0.250 
-0.125 
-0.000 
0.125 
0.250 
0.375 
0.500 
0.625 
0.750 
0.875 
1.000 

t [X - 8)/4 

-1 0 000 
-0.875 
-0.750 
-0.625 
-0.  5 0 0  
-0.375 
-0.250 
-0.125 
-0.000 
0.125 
00250 
0.375 
0 .  500 
0.625 
0 750 
0.875 
1.003 

0.4918223446 0781809647 9962798267 E 0 0  
0.5248425066 44.12835691 8258753311 E 00 
0.5629587782 2127986313 8086024270 E 00 
0.6073685258 5838306451 4266925640 E 00 
0.6596316780 8476964479 5492023380 E 0 0  
0.7218002369 4421992965 7623030310 E 00 
0.7965995992 9705313428 3675865540 E 0 0  
0.8876841582 3549672587 2151815870 E 00 

0.1140302841 0431720574 6248768807 E 01 
0.1317902151 45440038948 6000884424 E 01 
0.1545736450 7467337302 4859074039 E 01 
0.1841935755 2702059966 7788045934 E Q1 
0.2232103799 1211651144 5340506423 E 01 
0.2752668205 6852580020 0219289740 E 01 
0.3455821531 9301241243 7300898811 E 01 
0.4416841111 0086991358 0118598668 E 01 

O.~OOOOQOOOO oooooooooo oooaoooooo E 0 1  

xe-XEi (x) 

0.1438208031 4544827847 
0.1396419029 6297460710 
0.1353831277 4552859779 
0.1314143565 7421192454 
0.1278883860 4895616189 
0.1248391155 0017014864 
0.1222+08052 3605310590 
0.1200421499 5996307864 
0.1181847986 9872079731 
0.1166126525 8117484943 
0.1152759208 7089248132 
00114L323475 9526242015 
0.1131470204 7341077803 
0.1122915570 0177606064 
0.1115430938 9980384416 
0.1108832926 3050773058 
0.1102974544 9067590726 

0968670330 E 01 
0674523183 E 01 
0189174047 E 01 
1219816991 E 01 
2314099578 E 01 
0741941387 E 01 
3656846622 E 01 
3879158950 E 01 
7739362644 E 01 
9918142965 E 01 
2396814952 E 01 
5338560641 E 01 
4051681355 E 01 
2888630755 E 01 
4779434229 E 01 
6855234934 E 01 
7241234953 E 01 
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TABLE 4.- FUNCTION VALUES OF THE ASSOCIATED FUNCTIONS - Concluded 

X 

12.00 
13.25 
14.50 
15.75 
17.00 
18.25 
19.50 
20.75 
22.00 
23.25 
24050 
25.75 
27.00 
28.25 
29.50 
30.75 
32.00 

X 

I NF 
512 
256 

170 2/3 
128 

102 2/5 
85 1/3 
7 3  1/7 

64 
56 8/9 
51 1/5 

46 6/11 
42 2/3 
39 5/13 
36 4/7 

34 2/15 
32 

- . .- 
~ 

t = (x - 22)/10 

-1.000 
-01875 
-0 750 
-0.625 
-00 500 
-0.375 
-0.250 
-0.125 
-0.000 
0.125 
0.250 
0.375 
0.500 
00625 
0 a 750 
00875 
1.000 

~~ ~ 

t = ( 6 4 / ~ )  - 1 

-1.000 
-00875 
-00750 
-00625 
-00500 
-0 0 37 5 
-00250 
-0.125 
-0.000 
00125 
00250 
0.375 
00500 
00625 
00750 
0.875 
1.000 

- 

xe-XEi (x) 

.. - .  

0.1102974544 9067590726 7241234.952 E 01 
0.1090844898 2154756926 6468614954 E 01 
0.1081351395 7351912850 6346643795 E 01 
0.1073701384 1997572371 2157900374 E 01 
0.1067393691 9585378312 9572196197 E 01 
001062096608 6221502426 8372647556 E 01 
0.1057581342 1587250319 5393949410 E 01 
0.1053684451 2994094408 2102194964 E 01 
001050285719 6851897941 1780664532 E 01 
0.1047294552 7053248581 1492365591 E 01 
0.1044641267 9046436368 9761075289 E 01 

0.1040141438 3230104381 3713899754 E 01 
0.1038216700 3601458768 0056548394 E 01 
0.1036468726 2924118457 5154685419 E 01 
0.1034874149 8964796947 2990938990 E 01 
0.1033413564 2162410494 3493552567 E 01 

0.1042271337 2023~02388 5710928048 E 01 

001000000000 0 8 0 0 0 0 0 0 0 0  0000000001 E 01 
0.1001960799 4507119253 1337468473 E 01 
001003937130 9056986278 8009078297 E 01 
0.1005929275 6929291129 4663030932 E 01 
0.1007937524 4081401828 1776821694 E 01 
0.1009962177 4064497557 4367545570 E 01 
0.1012003545 3329884820 1864466702 E 01 
001014061949 6969713314 5942329335 E 01 
0.1016237723 4943253217 0357100831 E 01 
O.lOl8231211 884832696'3 2337017143 E 01 
0.1020342772 9307837748 7217829808 E 01 
0.1022472778 4054205959 1275364791 E 01 
0.1024621614 6810783910 1187804247 E 01 
0.1026789683 7090285245 0984510823 E 01 
0.102'3977404 1058080086 3378435059 E 01 
001031185212 3646592635 5875784663 E 01 
0.1033413564 2162410494 3493552567 E 01 
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